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Abstract
A network model of manufacturing system is considered. This is a
network formation game where players are participants of a production
process and their actions are their’s requests for interaction. Produc-
tion networks are formed as a result of an interaction. Players’ payoff
functions are defined on the set of all possible networks. In this pa-
per the special case of network formation games is considered. Payoff
functions are supposed to be additive and depend on subsets of arcs.
Two cases are considered. First, subsets of arcs are supposed to be not
intersected. The necessary and sufficient conditions for equilibrium are
given for this case. The second case is the one where subsets of arcs
are determined by 3-agent coalitions. An illustrative example is given
where equilibria and a compromise solution are found.
Keywords: Game theory; network games; network formation games;
coalitions; 3-agent coalitions; supply chains; Nash equilibrium; algorithms.
Mathematics Subject Classification (2010): 91-08, 91A23, 49K99.
1 Introduction
In production processes a problem of partner selection often arises. The
problems of this kind are studied in the mathematical theory of network
games. Network games are the games where each strategy profile forms
a network (i.e. graph with weighted nodes and arcs). Network games of
various types are considered in [1, 2, 3, 5, 6, 8, 12]. They can be applied to
supply chain modelling [10, 13].
Network formation games [4, 5, 6] are games where strategy of a player
is a set of offers to other players for interaction. In such game each strategy
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profile forms a network where a set of vertices is a set of players, and arcs
are pairs of players interacting with each other.
Similar models have been intensively studied in recent years [6, 1]. A
model with asymmetric offers was also considered [4]. In such game strategy
profile forms a directed graph. As a rule, a payoff function on a set of graphs
is an arbitrary real-valued function. A set of Nash equilibrium points for
a network formation game is always non-empty. However the problem of
finding equilibria may be hard enough because one needs to check a large
number of strategies. This number grows faster than exponent of a number
of players [11].
For some classes of network games, rather simple necessary and sufficient
conditions for the strategy profiles to be equilibria one can find in [6]. Thus
it is a good idea to study particular cases of payoff functions. For example,
in [9] additive payoff functions defined by 3-agent coalitions are considered.
In this paper particular cases of network formation games are studied.
Results of this study can be used to model manufacturing systems. A man-
ufacturing system with finite number of agents is considered. This system
can produce, transport or store some products. A tuple of agent’s product
flows is called stable if each agent can‘t increase his profit by changing its
own flows. So stable flows are Nash equilibrium points in the network game.
Network games with additive value functions for the case of coalitions
with limited number of players are considered as well. Necessary and suf-
ficient conditions for strategy profile to be Nash equilibria are found when
coalitions do not intersect. Network games with 3-agent coalitions are an-
alyzed afterwards. An example is given. For this example Nash equilibria
and a compromise solution are calculated.
Papers related to the theme of this article are [14]–[76].
2 Additive payoff functions determined by net-
work subgraphs
Each agent in a production system gets profits and pays costs from produc-
tion chains that he uses. Net profit of an agent is a sum of his profits and
losses.
Let
S′ ⊆ 2M
be a set of possible network subgraphs. Each subgraph is determined by a
set of arcs of network. Let’s denote by S′(g) a set of subgraphs from S′ that
are subgraphs of g:
S′(g) = S′ ∩ 2M(g) = {M ′ ∈ S′ |M ′ ⊆M(g)}.
sufficient conditions for a network to be stable are satisfied both for the case
of pairwise intersecting and for the case of disjoint subgraphs
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Let D(S) be an income from agents’ interaction determined by subgraph
S ∈ S′(g). Each agent x gets a part αx(S) ≥ 0 from this income. Thus
∑
x∈S
αx(S) = 1.
Let Hx(ϕ) be a total profit of agent x in action profile ϕ. It is a sum of
profits of agent x in all subgraphs in action profile ϕ. Let
Sϕ(x) = {S ∈ S
′(g(ϕ)) | x ∈ S}
be a set of all subgraphs in action profile ϕ that contain the agent x. Then
the total profit of the agent x is as follows
Hx(φ) =
∑
S∈Sϕ(x)
αx(S)D(S).
Thus we have described the game
GS′ = {N,ΦG, {D(S)}S∈S′ , {αx(S)}S∈S′, x∈S)}.
Proposition 2.1 Suppose any 2 subgraphs from S′ do not intersect. Sup-
pose the network g does not have loops. Then the network g is stable iff for
all its subgraphs S ∈ S′(g) D(S) ≥ 0.
Necessity. Let’s prove the proposition by contradiction. Suppose that
there exists a subgraph S such that D(S) < 0. For players in S we have∑
x∈S αx(S) = 1. Thus there exists a player x ∈ S such that αx(S) > 0.
If x breaks link with another player y in S then S disappears from S′(g).
Other subgraphs still exist in g, because there is no pairwise intersections of
subgraphs. Thus payoff of the player x increases by −αx(S)D(S). But the
network is stable. This is a contradiction.
Now let’s prove the sufficiency. Let x be a player. If x breaks any links
in action profile ϕ, a set of subgraphs in Sϕ(x) decreases. Thus the player
x does not increase its payoff (because for any subgraph S D(S) ≥ 0).
Corollary 2.2 Suppose a payoff function of each player x is additive and
is determined by 2-player coalitions (i.e. only by links of x):
Hx(g) =
∑
(x,y)∈M(g)
α(x,y)(x)D(x, y) +
∑
(y,x)∈M(g)
α(y,x)(x)D(y, x).
Then the network g is stable iff for all x, y D(x, y) ≥ 0.
The corollary is true because subgraps of 2-agent coalitions do not pairwise
intersect.
Sufficient conditions for a network to be stable are satisfied both for the
case of pairwise intersecting and for the case of disjoint subgraphs.
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3 Additional payoff function determined by 2-agent
and 3-agent subgraphs
Profit of agent j depends on its contracts with each agent i ∈ N . In addition,
profit may depend on other factors — for example, on contracts with both
agent i and k simultaneously.
Examples:
1. agent i and agent k supply two kinds of components; agent j makes
final production using these components;
2. agent j moves products from agent i to agent k;
3. agent j is a mediator: agent j buys products from agent i and sells it
to agent k.
Thus coalitions with size greater than 2 must be considered. Agents’
profit may depend on coalitions of such kind.
Earlier games with payoffs depending on 3-player coalitions were consid-
ered in [9]. However often incomes and costs depend both on 2-player and
3-player coalitions.
Coalition S = (i1, i2, i3) ⊂ N arises if each agent i ∈ S wishes to coop-
erate with all other agents j ∈ S \ {i} and agrees with offers from all other
agents j ∈ S \ {i}. The player i’s payoff depends on two kinds of subgraphs
of the network: subgraphs determined by 2-player coalitions
S2 = {(i, j), (j, i)}i,j∈N
and by 3-player coalitions
S3 = {(i, j), (j, i), (i, k), (k, i), (j, k), (k, j)}i,j,k∈N .
Coalitions with 2 and 3 players in action profile ϕ are enumerated as
follows:
S2(g(ϕ)) ∪ S3(g(ϕ)) = {S
1
ϕ, S
2
ϕ, . . . , S
nφ
ϕ }.
Proposition 2.1 on network stability condition may not hold true because
3-player coalitions may be pairwise intersected.
Example. The case of 5 agents that can form any links. Their weights
are as follows αi(S) = 1/3, i = 1, . . . , 5. Let coalitions’ payoffs be:
D(1, 2, 3) = 2
D(1, 3, 4) = −1
D(1, 4, 5) = 2
D(3, 4, 5) = 2
and D(S) = 0 for other coalitions.
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The network g with edges
M(g) = {(1, 2), (2, 1), (1, 3), (3, 1), (1, 4), (4, 1), (1, 5), (5, 1),
(2, 3), (3, 2), (3, 4), (4, 3), (3, 5), (5, 3), (4, 5), (5, 4)}
is stable. However this network has coalition S = (1, 3, 4) for which D(S) =
−1. If any link in this coalition is broken, then the coalition S disap-
pears from the network but one of the coalitions (1, 2, 3), (1, 4, 5), (3, 4, 5)
disappears as well. These coalitions produce payoff D(S) = 2 greater than
−D(1, 3, 4) and thus the network is stable.
4 Equilibrium and compromise solution comput-
ing
Let’s take Nash equilibrium and compromise solution [7] as optimality con-
cepts in the game G.
To find equilibria and compromise solutions, it is convenient to construct
payoff matrix in the game G. Rows of this matrix are action profiles in G,
columns are the players.
To find equilibria, consider each network g and check whether it is stable.
The checking procedure for agreement game is as follows: for each player i
deviation from action profile ϕ that breaks some links, check whether the
payoff Hi in this action profile is greater than Hi(g).
Compromise solution can be found by simple algorithm as follows:
1. Calculate the ideal vectorM = (M1, . . . ,Mn), whereMi = maxϕ(Hi(ϕ)).
2. For each action profile ϕ ∈ Φ for each player i ∈ N calculate differences
Mi −Hi(ϕ), i ∈ N .
3. For each action profile ϕ ∈ Φ calculate maximal difference maxi(Mi−
Hi(ϕ)).
4. Find minimum of maximal differences over the set Φ of all action
profiles
min
ϕ∈Φ
max
i
(Mi −Hi(ϕ)).
Action profile where minimum is achieved is a compromise solution of
game G.
5 The example
A model of 2-player and 3-player interaction with 5 players in a network is
considered. Lets denote them 1, 2, 3, 4, 5. Assume possible action profiles
are {ϕs}
10
s=1. Each action profile is determined by 2 matrices Γ
+ and Γ−.
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For the action profile ϕ1 matrices Γ
+,Γ− and the matrix of the network
g = min(Γ+,Γ−
T
) are as follows
Γ+1 =


0 1 1 1 1
0 0 0 0 0
0 1 0 1 0
0 1 0 0 0
0 1 0 1 0


, Γ−1 =


0 0 0 0 0
0 0 0 0 1
1 0 0 0 0
1 0 1 0 1
1 0 0 0 0


, g1 =


0 0 1 1 1
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 1 0 1 0


.
Similarly for the action profiles ϕ2, . . . , ϕ10 matrices Γ
+,Γ− and matrices
of the networks g = min(Γ+,Γ−
T
) are as follows
Γ+2 =


0 0 1 1 1
1 0 0 0 0
0 1 0 1 1
0 1 0 0 1
0 1 0 0 0


, Γ−2 =


0 0 0 0 0
0 0 1 1 1
1 0 0 0 0
1 0 1 0 0
1 0 1 0 0


, g2 =


0 0 1 1 1
0 0 0 0 0
0 1 0 1 1
0 1 0 0 0
0 1 0 0 0


.
Γ+3 =


0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
1 1 0 0 0
0 1 0 1 0


, Γ−3 =


0 1 0 0 0
0 0 1 1 1
1 0 0 0 0
0 0 1 0 1
1 0 1 0 0


, g3 =


0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 1 0 1 0


.
Γ+4 =


0 0 0 1 1
1 0 0 1 0
1 1 0 1 1
0 0 0 0 1
0 1 0 0 0


, Γ−4 =


0 0 0 0 0
0 0 1 0 1
0 0 0 0 0
1 1 1 0 0
1 0 0 1 0


, g4 =


0 0 0 1 1
0 0 0 1 0
0 1 0 1 0
0 0 0 0 1
0 1 0 0 0


.
Γ+5 =


0 1 1 1 1
0 0 0 0 0
0 1 0 1 1
0 1 0 0 1
0 1 0 0 0


, Γ−5 =


0 0 0 0 0
1 0 1 1 1
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0


, g5 =


0 1 1 1 1
0 0 0 0 0
0 1 0 1 1
0 1 0 0 1
0 1 0 0 0


.
Γ+6 =


0 1 0 1 0
0 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 0 1 0


, Γ−6 =


0 0 0 0 0
1 0 0 1 1
0 0 0 0 0
1 0 0 0 0
1 0 0 0 0


, g6 =


0 1 0 1 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 1 0 0 0


.
Γ+7 =


0 0 1 1 0
0 0 0 1 1
0 1 0 0 1
0 0 0 0 1
0 0 0 0 0


, Γ−7 =


0 0 0 0 1
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 1 0


, g7 =


0 0 0 0 0
0 0 0 1 1
0 1 0 0 0
0 0 0 0 1
0 0 0 0 0


.
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Γ+8 =


0 1 1 1 1
0 0 1 0 1
0 0 0 0 0
0 0 0 0 0
0 0 1 1 0


, Γ−8 =


0 0 0 0 0
0 0 0 0 0
0 1 0 0 1
1 0 0 0 1
1 1 0 0 0


, g8 =


0 0 0 1 1
0 0 1 0 1
0 0 0 0 0
0 0 0 0 0
0 0 1 1 0


.
Γ+9 =


0 0 0 0 0
0 0 0 0 1
1 1 0 0 0
1 1 1 0 1
1 0 0 0 0


,Γ−9 =


0 0 0 0 0
0 0 1 1 0
0 0 0 0 0
0 0 0 0 0
0 1 0 1 0


, g9 =


0 0 0 0 0
0 0 0 0 1
0 1 0 0 0
0 1 0 0 1
0 0 0 0 0


.
Γ+10 =


0 0 0 0 0
0 0 0 1 1
0 1 1 1 0
1 0 0 0 1
0 1 0 0 0


, Γ−10 =


0 0 0 0 0
0 0 1 0 1
0 0 0 0 0
0 1 1 0 0
0 0 1 1 0


, g10 =


0 0 0 0 0
0 0 0 1 0
0 1 0 1 0
0 0 0 0 1
0 1 0 0 0


.
Income functions and weights of the players 1, 2, 3, 4, 5 for each 3-players
coalition are as follows
S1 = (1, 3, 4), D(S1) = 4, α1 =
1
2 , α3 =
1
4 , α4 =
1
4
S2 = (2, 5, 4), D(S2) = 3, α2 =
1
3 , α5 =
1
3 , α4 =
1
3
S3 = (1, 4, 5), D(S3) = 6, α1 =
1
3 , α4 =
1
3 , α5 =
1
3
S4 = (1, 3, 5), D(S4) = 8, α1 =
1
2 , α3 =
1
4 , α5 =
1
4
S5 = (3, 4, 2), D(S5) = 4, α3 =
1
4 , α4 =
1
4 , α2 =
1
2
S6 = (1, 2, 5), D(S6) = 12, α1 =
2
4 , α2 =
1
4 , α5 =
1
4
S7 = (1, 4, 2), D(S7) = 8, α1 =
1
4 , α4 =
1
2 , α2 =
1
2
S8 = (3, 4, 5), D(S8) = 18, α3 =
1
3 , α4 =
1
3 , α5 =
1
3
S9 = (3, 5, 2), D(S9) = 16, α3 =
1
2 , α5 =
1
4 , α2 =
1
4
S10 = (3, 2, 1), D(S10) = 21, α3 =
1
3 , α2 =
1
3 , α1 =
1
3
where Si is a coalition numbered by index i and D(Si) is its profit.
For 2-players coalitions we get
S11 = (1, 3), D(S11) = −2, α1 = α3 =
1
2
S12 = (1, 4), D(S12) = −6, α1 = α4 =
1
2
and D = 0 for other 2-players coalitions.
7
Payoffs for action profiles {ϕs}
10
s=1 are as follows
H1(ϕ1) = 0,H2(ϕ1) = 1,H3(ϕ1) = 0,H4(ϕ1) = 1,H5(ϕ1) = 3;
H1(ϕ2) = 2,H2(ϕ2) = 2,H3(ϕ2) = 3,H4(ϕ2) = −1,H5(ϕ2) = 2;
H1(ϕ3) = 6,H2(ϕ3) = 6,H3(ϕ3) = 2,H4(ϕ3) = 2,H5(ϕ3) = 6;
H1(ϕ4) = −1,H2(ϕ4) = 3,H3(ϕ4) = 1,H4(ϕ4) = 1,H5(ϕ4) = 3;
H1(ϕ5) = 19,H2(ϕ5)!,H3(ϕ5) = 25,H4(ϕ5) = 12,H5(ϕ5) = 22;
H1(ϕ6) = 5,H2(ϕ6) = 9,H3(ϕ6) = 1,H4(ϕ6) = 2,H5(ϕ6) = 3;
H1(ϕ7) = 0,H2(ϕ7) = 1,H3(ϕ7) = 0,H4(ϕ7) = 1,H5(ϕ7) = 1;
H1(ϕ8) = −1,H2(ϕ8) = 4,H3(ϕ8) = 8,H4(ϕ8) = −1,H5(ϕ8) = 6;
H1(ϕ9) = 2,H2(ϕ9) = 1,H3(ϕ9) = 1,H4(ϕ9) = 2,H5(ϕ9) = 1;
H1(ϕ10) = 0,H2(ϕ10) = 3,H3(ϕ10) = 7,H4(ϕ10) = 8,H5(ϕ10) = 7.
Thus payoff matrix for players 1, 2, 3, 4, 5 for action profiles s = 1, . . . , 10
is 

4 1 1 4 3
6 2 4 2 2
7 6 3 2 6
2 3 1 4 3
23 21 26 15 22
8 9 1 5 3
0 1 0 1 1
2 4 8 2 6
2 1 1 2 1
0 3 7 8 7


There is only one action profile that can be changed to another action
profile by 1-player action change. It is the profile ϕ4 that can be changed to
ϕ10 by player 1 breaking his links with players 4 and 5. Payoff of the player
1 for the profile ϕ4 is -1 and for the profile ϕ10 is 0. Thus the profile ϕ4 is
not a Nash equilibrium. Other profiles are Nash equilibria.
The ideal vector is as follows M = (23, 21, 26, 15, 22).
For each action profile ϕs ∈ ΦG for each player i ∈ N let’s calculate
differences Mi − Hi(ϕs), i ∈ N . These differences (sorted in ascending
order) for each action profile ϕs are:
Mi −Hi(ϕ1) = △1 = (11, 19, 19, 20, 25)
Mi −Hi(ϕ2) = △2 = (13, 17, 19, 20, 22)
Mi −Hi(ϕ3) = △3 = (13, 15, 16, 16, 23)
Mi −Hi(ϕ4) = △4 = (11, 18, 19, 21, 25)
Mi −Hi(ϕ5) = △5 = (0, 0, 0, 0, 0)
Mi −Hi(ϕ6) = △6 = (10, 12, 15, 19, 25)
Mi −Hi(ϕ7) = △7 = (14, 20, 21, 23, 26)
Mi −Hi(ϕ8) = △8 = (13, 16, 18, 21, 27)
Mi −Hi(ϕ9) = △9 = (13, 20, 21, 21, 25)
Mi −Hi(ϕ10) = △10 = (7, 15, 18, 19, 23).
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Minimum of maximal differences over action profiles
min
ϕG∈ΦG
max
i∈N
(Mi −Hi(ϕs))
is a value of a compromise solution. For this example the compromise solu-
tion is an action profile ϕ5.
6 Conclusion
Network formation games with additive payoff functions determined by sub-
graphs are considered. For the case where subgraphs do not pairwise inter-
sect, conditions for strategy profile to be equilibrium are formulated. They
are also conditions for network to be stable. A network is stable iff for any
coalition with negative payoff the network does not consist some coalition
links in this network.
In the case where some subgraphs intersect, this condition is only suf-
ficient. In this case some stable networks one can find, but not all stable
networks can be found in this case.
In the case where subgraphs are determined by 3-player coalitions the
algorithm finding equilibria and stable networks is proposed. The example
with 5 players is considered. For this example equilibria and compromise
solution are found.
For further research the case of additive payoffs determined by 3-player
coalitions is interesting. It is the unsolved problem to find necessary and
sufficient conditions for network to be stable in this case.
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